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An analytical approximation of 〈Tµν〉 for a quantized scalar field in a static spherically symmetric
spacetime with a topology S2 × R2 is obtained. The gravitational background is assumed slowly
varying. The scalar field is assumed to be both massive and massless, with an arbitrary coupling ξ
to the scalar curvature and in a zero temperature vacuum state. It is demonstrated that for some
values of curvature coupling the stress-energy has the properties needed to support the wormhole
geometry.
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I. INTRODUCTION
In recent years Lorentzian wormholes have been of some interest as nontrivial geometric and physical objects.
The topology of such spacetimes is R2  S2. The characteristic feature of wormhole geometry is the existence of
a sphere of minimal square which cannot be contracted to the point. The possibility of the existence of a static
spherically symmetrical traversable wormhole as a topology-nontrivial solution of the Einstein equations was first
studied by Morris and Thorne [1]. They found that the matter which threads the wormhole throat should have
unusual properties. In particular, the radial tension of the matter should exceed its density both locally at the throat
[1] and integrally along the radial direction [2]. As an example of such matter they suggested the Casimir vacuum
between conducting spherical plates. Violations of the energy conditions in static wormholes have been analyzed in
detail by a number of authors (see, for example, [3]). Recently Barcelo´ and Visser [4,5] demonstrated that a scalar
field with a positive curvature coupling violates all the standard energy conditions. They found the entire branch
of traversable wormhole solutions for gravity plus a nonminimally coupled massless scalar field. Solutions describing
primordial wormholes are obtained for N = 4 SU(N) super Yang-Mills theory in [6]. The possibility of the existence of
wormhole solutions has been investigated in Brans-Dicke theory [7–9], higher derivative gravity [10], and Gauss-Bonnet
theory [11].
Within the framework of general relativity as an example of the matter that supports the wormhole geometry one
can consider the vacuum of quantized fields. This approach gives the possibility of describing the wormhole metric as a
self-consistent solution of the semiclassical Einstein field equations [12,13]. The principal problem encountered in this
method is the impossibility of calculating the functional dependence of the stress-energy tensor of quantized fields on
the metric tensor. Nevertheless, in some cases approximate expressions can be obtained [14–29]. In above mentioned
work [12,13] the approximations of Frolov-Zel’nikov [21] and Anderson-Hiscock-Samuel [29] were used. But as noted
in [31] in spacetime that is a direct product of the Minkowski plane and a two-dimensional sphere of fixed radius these
approximations are not applicable. The approximate expressions for the electromagnetic and neutrino stress-energy
tensor obtained by Khatsymovsky [26,27] do not have this deficiency. In this work the results were obtained by the
WKB method, and, as the zero order of the expansions was used, the exact solutions of the mode equations were
obtained in spacetime with the metric ds2 = −f0dt2 + dl2 + r20(d2 + sin2  d’2) (f0 and r0 are constants), i.e., in
the above mentioned spacetime. It is well known that the vacuum expectation value of the stress-energy tensor of
quantized fields depends on the topology of spacetime. In this connection the approach of Khatsymovsky seems more
natural in wormhole spacetimes.
In this paper an approximate expression for the stress-energy tensor of a quantized scalar field in static spherically
symmetric spacetimes with topology R2  S2 is calculated. The Anderson-Hiscock-Samuel approach [29] is used but
the zeroth order of the WKB solution of the mode equation is redefined by analogy with [26,27] and mode sums are
computed exactly as in [30,31].
The units h¯ = c = 1 are used throughout the paper.
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II. AN UNRENORMALIZED EXPRESSION FOR 〈Tµν 〉
In this section the Euclidean space approach is used to calculate an unrenormalized expression for hT µν i for a scalar
field in a static spherically symmetric spacetime with topology S2  R2. The metric for a general static spherically
symmetric spacetime when continued analytically into Euclidean space can be written as
ds2 = f()d2 + d2 + r2()(d2 + sin2  d’2): (1)
We assume that −1 <  < 1, f and r are arbitrary functions of , and  is the Euclidean time ( = it; where t is
the coordinate corresponding to the timelike Killing vector which always exists in a static spacetime).
hT µν i of a quantized scalar field  can be computed using the method of point splitting from the Euclidean Green’s
function GE(x; x˜) as follows [29]
hT µν iunren = (1=2− ) (gµα˜GE;α˜ν + gα˜ν GE;µα˜) + (2 − 1=2)µν gσα˜GE;σα˜ − (GE;µν
+gµα˜gβ˜ν GE;α˜β˜) + 2
µ
ν (m
2 + R)GE + (Rµν − µν R=2)GE − µν m2GE=2; (2)
where m is the mass of the scalar field,  is its coupling to the scalar curvature R, and gα˜β is the bivector of parallel
transport of a vector at x˜ to one at x.
In [29] the form of GE(x; x˜) was derived for a scalar field in a static spherically symmetric spacetime when the field






d! cos[!( − ˜)]
1X
l=0
(2l + 1)Pl(cos γ) Cωl pωl(<) qωl(>); (3)
where Pl is a Legendre polynomial, cos γ  cos  cos ˜ + sin  sin ˜ cos(’− ’˜), Cωl is a normalization constant, < and































































it is easy to see that the Wronskian condition (5) is obeyed if
Cωl = 1 (7)
and the mode equation (4) gives the following equation for W ():




















































The prime denotes the derivative with respect to .
Equation (8) can be solved iteratively when the metric functions f() and r2() are varying slowly, that is,
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and L is a characteristic scale of variation of the metric functions:
L−1 = max
ln(fr2)0 ; ln(fr2)001/2 ; ln(fr2)0001/3 ; : : : : (12)
The zeroth-order WKB solution of Eq. (8) corresponds to neglecting terms with derivatives in this equation
W 2 = U0; (13)
where












2 = m2r2 + 2 − 1
4
: (14)
Let us stress that U0 is the exact solution of Eq. (8) in a spacetime with metric ds2 = f0d2+d2+r20(d2+sin
2  d’2),
where f0 and r0 are constants.
Below as in Ref. [31] it is assumed that






The second-order solution is


















Now we can rewrite expression (2) using expressions (3) and (6) and then suppose  = ˜;  = ˜;  = ˜. The superficial








































































































































































































































































































































































































































































( − ˜ ): (25)
III. USE OF THE WKB APPROXIMATION IN EVALUATING 〈Tµν 〉
The approximate (of second WKB order) expressions for the quantities B1, B2, B3, and B4 are obtained by














































































































































































































































































The mode sums and integrals in these expressions are of the form









u2 + 2 + (l + 1=2)2
i(2n+1)/2 − subtraction terms
9>=
>; ; (30)
where m and n are integers, m  0 and n  −1. The subtraction terms for the sum over l can be obtained by
expanding the function that is summed in inverse powers of l and truncating at O(l0). Such subtracting corresponds








: (l + 1=2)
3q
















































For other quantities Smn ("; ) there are no subtraction terms. The details of calculations of S
m
n ("; ) in the limit " ! 0

























4 + 4I2() + O
(
"2 ln j"j ; (34)










































































































































"2 ln j"j (n  1); (37)



















































































"4 ln j"j (n  1); (39)












x2n−1 ln j1− x2j
1 + e2piµx
dx: (41)
Substitution of these expressions into Eqs. (21)-(24) and then into Eqs. (18)-(20) gives nontrivial components of
hT µν iunren.
The renormalization of hT µν i is achieved by subtracting from hT µν iunren the counterterms hT µν iDS and then letting
˜ !  :
hT µν iren = limτ˜!τ [hT
µ
ν iunren − hT µν iDS ] : (42)
The expression for hT µν iDS are displayed in Ref. [33] and are determined by , one half the square of the distance
between the points x and x˜ along the shortest geodesic connecting them, and µ, covariant derivative of . For the
metric (1) the calculations of these quantities and gµν˜ are similar to those in Ref. [29]:
6
t = (t− t˜) + f
02
24f




(t− t˜)2 + O ((t− t˜)4 ;














(t− t˜)2 + O ((t− t˜)4 ;
gtρ˜ = −gρt˜ = − f
0
2f



























































































































































































































































































































































































































































































































































where C is Euler’s constant and mDS is equal to the mass m of the field for a massive scalar field. For a massless
scalar field it is an arbitrary parameter due to the infrared cutoff in hT µν iDS . A particular choice of the value of mDS
orresponds to a finite renormalization of the coefficients of terms in the gravitational Lagrangian and must be fixed
by experiment or observation.
The procedure described above gives a second-order WKB approximation of hT µν iren. The zeroth-order expressions








































































































































































The second-order expressions of hT µν iren are given in Appendix B.
Let us stress that the renormalized expectation value of the stress-energy tensor (48), (49) are exact if f() = f0 =
const and r() = r0 = const, i.e., in the spacetime with metric
ds2 = −f0dt2 + d2 + r20(d2 + sin2  d’2): (50)
The expressions (48) and (49) may be simplified in the cases L2  r2; m2r2  1 and L2  r2; m2r2  1.


































































































































In particular, if  = 1=6,
I1(
p
3=6)  −0:05962; I2(
p























































B. The case L2  r2, m2r2  1














































hT µν iren =
0
B@
−1 0 0 0
0 −1 0 0
0 0 2 0





























As was demonstrated by Morris and Thorne [1] the radial tension  at the wormhole throat must be positive. In the
















As an example of a metric function r2() satisfying the condition L2  r2; m2r2  1 one can consider a function
growing as a logarithm:
ds2 = −dt2 + d2 + r20







d2 + sin2 d2

; (60)




We have obtained an analytical approximation of the stress-energy tensor of quantized scalar fields in static spher-
ically symmetric spacetimes with topology S2  R2. For some values of coupling to the scalar curvature  the
stress-energy tensor obtained has the needed exotic (in the sense of Morris and Thorne [1]) properties to support a
static wormhole. All three approximations (48), (49), (51), (52) and (58) for hT µν iren are conserved, i. e.,
hT µν iren ;µ = 0;
and for the conformally invariant field the approximation for hT µν iren has a trace equal to the trace anomaly. These
approximations are determined by the correlation between three length scales: L (12), r (1) and the Compton length
1=m. The use of the expression obtained for hT µν iren as a source term in the semiclassical Einstein field equations
Gµν = 8G hT µν iren demands some accuracy. First of all in these equations a new length scale
p
G appears. If on the
left-hand side of these equations we neglect the terms of order 1=L2, the system of equations will be algebraically
incompatible. If we keep such terms the terms of corresponding order should be kept on the right-hand side of the
equations.
In conclusion let us note that in the case L2 < r2 the WKB parameter WKB [Eq. (10)] coinsides with the small
parameter 1=(mL) of the DeWitt-Schwinger expansion of hT µν i and with the small parameter used in [29] to obtain
an analytical approximation for hT µν iren. In this case as the first and second WKB orders of hT µν iren vanish [see Eqs.
(B1)-(B3)] and the next orders are needed for calculation of these quantities.
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APPENDIX A













where C is a closed contour which surrounds a region on the complex plane containing the poles of tan(z): z = l+1=2
for l = 0; 1; 2; :::; n . It is supposed that countour C is passed anticlockwise, f(z) is a holomorphic function inside this
contour, and
jf(x + iy)j < (x)eajyj; 0 < a < 2; (A2)
where
(x) ! 0 for x ! +1: (A3)

































f(z)[tan(z + i)]dz +
Z q+ih
q












  (n + 1) maxqxq+n+1 jf(x− ih)j jtan[(x − ih)] + ij










  (n + 1) maxqxq+n+1 jf(x + ih)j jtan[(x + ih)]− ij




(e2pih − 1) ; (A5)











[f(z)− f(z + n + 1)][tan(z)− i]dz; (A6)
If we let n !1 then
Z q−i1
q
f(z + n + 1)[tan(z) + i]dz




 2e−ipiqe−ipiq + e2piyeipiq
 dy
 const (q + n + 1)
Z 1
0




f(z + n + 1)[tan(z)− i]dz




 2eipiqeipiq + e2piye−ipiq
 dy
 const (q + n + 1)
Z 1
0

































where −1=2 < q < 1=2, f(z) is a holomorphic function for Rez  q, and f(z) satisfies condition (A2).




: (l + 1=2)
3q


























u2 + 2 + z2











u2 + 2 + z2














































































































































terms of this integral that
































































terms of this integral that









































































































"4 ln j"j ; (A16)
Z 1
0

































"2 ln j"j ; (A17)
where Kn(x) is Macdonald’s function and C is Euler’s constant.







f(x)(u2 + 2 − x2)1/2 dx: (A18)








































































"4 ln j"j ; (A21)






















"4 ln j"j} ; (A22)























































"2 ln j"j} : (A23)
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